Introduction
Let D be a nonempty subset of a Banach space E. A mapping T : D → E is said to be nonexpansive if T x − T y x − y for all x, y in D. In [4] , Ishikawa introduced a new iteration process as
(1) x n+1 = (1 − t n )x n + t n T y n
where {t n } and {s n } are sequences in [0, 1] satisfying certain restrictions. If s n = 0, the Ishikawa iteration process reduces to the Mann iteration process [7] x n+1 = (1 − t n )x n + t n T x n , n = 1, 2, . . . The convergence of the sequence {x n } defined by (1) for a nonexpansive selfmapping T in a uniformly convex Banach space with a Fréchet differentiable norm has been studied by Deng [2], Reich [8] , and Tan and Xu [10] .
In this paper we first establish a dual weak convergence theorem for the Ishikawa iteration process (1) for nonexpansive mappings in a reflexive and strictly convex Banach space with a uniformly Gâteaux differentiable norm. Then we apply this result to study the weak convergence of the iteration process (1) in the same Banach space. Further, we obtain the dual weak convergence for the iteration process (1) under different restrictions on {t n } and {s n } in the same Banach space. We should point out that the Banach space E in the main results is not assumed to be uniformly convex and that our results also apply to all L p spaces (1 < p < ∞).
Preliminaries and Lemmas
Let E be a real Banach space and let I denote the identity operator. Recall that a Banach space E is said to be smooth provided the limit lim t→0 x + ty − x t exists for each x and y in U = {x ∈ E : x = 1}. In this case, the norm of E is said to be Gâteaux differentiable. It is said to be uniformly Gâteaux differentiable if for each y ∈ U , this limit is attained uniformly for x ∈ U . The norm is said to be Fréchet differentiable if for each x ∈ U , this limit is attained uniformly for y ∈ U . Finally, the norm is said to be uniformly Fréchet differentiable if the limit is attained uniformly for (x, y) ∈ U × U . In this case, E is said to be uniformly smooth. Since the dual E * of E is uniformly convex if and only if the norm of E is uniformly Fréchet differentiable, every Banach space with a uniformly convex dual is reflexive and has a uniformly Gâteaux differentiable norm. The reverse is false (cf. [9] ).
The duality mapping from E into the family of nonempty subsets of its dual E * is defined by
It is single valued if and only if E is smooth. If E is smooth, the duality mapping J is said to be weakly sequentially continuous at 0 if {J(x n )} converges to 0 in the sense of the weak-star topology of E * , whenever {x n } converges weakly to 0 in E. Let µ be a mean on positive integers , i.e., a continuous linear functional on ∞ satisfying µ = 1 = µ(1). Then we know that µ is a mean on if and only if inf{a n : n ∈ } µ(a) sup{a n : n ∈ }
